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Abstract 

Braid Floer homology is an invariant of proper relative braid classes (12) . Closed integral 
curves of 1-periodic Hamiltonian vector fields on the 2-disc may be regarded as braids. If the 
Braid Floer homology of associated proper relative braid classes is non-trivial, then additional 
closed integral curves of the Hamiltonian equations are forced via a Morse type theory. In this 
article we show that certain information contained in the braid Floer homology — the Euler- 
Floer characteristic — also forces closed integral curves and periodic points of arbitrary vector 
fields and diffeomorphisms and leads to a Poincare-Hopf type Theorem. The Euler-Floer 
characteristic for any proper relative braid class can be computed via a finite cube complex 
that serves as a model for the given braid class. The results in this paper are restricted to the 
2-disc, but can be extend to two-dimensional surfaces (with or without boundary). 

1 Introduction 

Let c denote the standard (closed) 2-disc in the plane with coordinates x = 
{p,q), i.e. := {{p,q) G : + 9^ < 1}, and let X{x,t) be a smooth 1-periodic 
vector field on D^, i.e. X{x,t+l) ^ X{x, t) for all x G and t G M. The vector field 
X is tangent to the boundary 9D^, i.e X{x^ t) ■ v = i) for all x G 9D^, where v the 
outward unit normal on 9D^. The set of vector fields satisfying these hypotheses is 
denoted by F\\ iJP x M/Z). Closed integral curves x{t) of X are integral curve^of X 
for which x{t + 1) = x{t) for some ^ G N. Every integral curve of X with minimal 
period I defines a closed loop in the configuration space Ciijfi) of I imordered 
distinct points. A collection of distinct closed integral curves with periods Ij defines 
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^Integral curves of X are smooth functions x : R — C that satisfy the differential equation 

x' = X{x,t). 
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a closed loop in C,„(D^), with m = J2j ^j- curves in the cylinder x [0, 1] such 
a collection of integral curves represents a geometric braid which corresponds to a 
unique word /3y E B„i, modulo conjugacy and full twists: 

Py ^ iSyA'" ^ A^'^Py, (H) 

where is a full positive twist and B„i is the Artin Braid group on m strands. 

Let y be a geometric braid consisting of closed integral curves of X, which will 
be referred to as a skeleton. The curves y'^{t), i — 1, • • • ,m satisfy the periodic- 
ity condition y{Q) = y{l) as point sets, i.e. y'(0) — y'^^^\l) for some permutation 
a S Sm- In the configuration space C„4.m(D^|^we consider closed loops of the form 
a; rely := {x^{t), ■ ■ ■ x"'{t),y^{t), ■ ■ ■ , The path component of a; rely of closed 

loops in £C„+„i(D^) is denoted by [xrely] and is called a relative braid class. The 
loops x' rel y' G [x rel y], keeping y' fixed, is denoted by [x'] rel y' and is called a fiber. 
Relative braid classes are path components of braids which have at least two com- 
ponents and the components are labeled into two groups: x and y. The intertwining 
of X and y defines various different braid classes. A relative braid class [x rel y] in D'^ 
is proper if components Xc C x cannot be deformed onto (i) the boundary i9D^, (ii) it- 
self]^ or other components x'^ c x, or (iii) components in yc C y, see p2| for details. 
In this paper we are mainly concerned with relative braids for which x has only 
one strand. To proper relative braid classes [a; rely] one can assign the invariants 
HB*([a;rely]), with coefficients in Z2, called Braid Floer homology. In the following 
subsection we will briefly explain the construction of the invariants HB*([xrely]) 
in case that x consists of one single strand. See |12| for more details on Braid Floer 
homology. 



1.1 A brief summary of Braid Floer homology 

Fix a Hamiltonian vector field in J^||(D^xM/Z) of theformX//(a:;,i) = JVH{x,t), 
where 




and H is a Hamiltonian function with the properties: 

(i) H e C°°(D2 X M/Z;M); 

^The space of continuous mapping R/Z — > X, with X a topological space, is called the free loop space 
of X and is denoted by CX. 

^This condition is separated into two cases: (i) a component in x cannot be not deformed into a 
single strand, or (ii) if a component in x can be deformed into a single strand, then the latter necessarily 
intersects or a different component in x. 
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(ii) H{x, OUgod^ = 0, for all t e M/Z. 
For closed integral curves of Xh of period 1 we define the Hamilton action 

s^Hix) — \Jx ■ Xt~ H{x, t) dt, 
Jo 

Critical points of the action functional £/h are in one-to-one correspondence with 
closed integral curves of period 1. Assume that y = {y-'{t)} is a collection of closed 
integral curves of the Hamilton vector field Xh, i-e. periodic solutions of the yj = 
Xniy-' ,t). Consider a proper relative braid class [x] ic\y, with x 1-periodic and seek 
closed integral curves x rel y in [x] rel y. The set of critical points of £/h m [x] rel y is 
denoted by Crit^^^ ([cc] rel y). In order to understand the set Crit^^ {[x] rcl y) we con- 
sider the negative L^-gradient flow of s/h. The L^-gradient flow Ug = —V 
yields the Cauchy-Riemann equations 

Us{s,t) + Jut{s,t) + VH{u{s,t),t) = 0, 

for which the stationary solutions u{s, t) = x{t) are the critical points of £/h- 

To a braid y one can assign an integer Cross(?/) which counts the number of cross- 
ings (with sign) of strands in the standard planar projection. In the case of a rela- 
tive braid x rel y the number Cross(a; rel y) is an invariant of the relative braid class 
[a; rely]. In p2| a monotonicity lemma is proved, which states that along solutions 
u{s, t) of the nonlinear Cauchy-Riemann equations, the number Cross(u(s, •) rely) 
is non-rncreasing (the jumps correspond to 'singular braids', i.e. 'braids' for which 
intersections occur). As a consequence an isolation property for proper relative 
braid classes exists: the set bounded solutions of the Cauchy-Riemann equations 
in a proper braid class fiber [x] rel y, denoted by ^{[x] rel y; H), is compact and iso- 
lated with respect to the topology of uniform convergence on compact subsets of . 
These facts provide all the ingredients to follows Floer's approach towards Morse 
Theory for the Hamiltonian action ||7|. For generic Hamiltonians which satisfy (i) 
and (ii) above and for which y is a skeleton, the critical points in [x] rel y of the 
action £/h are non-degenerate and the set of connecting orbits ,x+{[x] rel y; H) 
are smooth finite dimensional manifolds. To critical in Crit^^^ {\x\ rely) we assign a 
relative index /i*^^ (x) (the Conley-Zehnder index) and 

dmv^x^,x+{[x]^e\y]H) ^ ^Jf^^ {x-) - p.^^ {x+). 

Define the free abelian groups Ck over the critical points of index k, with coefficients 
in Z2, i.e. 

Ck{[x]re\y-H):= l^ix), 

x^Cvit^^ {[x] rcl y), 
/J, (a; ) = fc 
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and the boundary operator 

dk = dk{[x\re\y;H) : Ck -> Cfe^i, 

which counts the number of orbits (modulo 2) between critical points of index k and 
k — 1 respectively. Analysis of the spaces ,x+ ( [x] rel y; H) reveals that (C* , 9* ) is 
a chain complex, and its (Floer) homology is denoted by HB*([a;] rely; H). Different 
choices of H yields isomorphic Floer homologies and 

HB,([a;]rely) = Urn HB*([x] rely; iJ), 

where the inverse limit is defined with respect to the canonical isomorphisms (i/, H') : 
HBfc([x] rely, H) — > HBfe([a;] rely, H'). Some properties are: 

(i) the groups HBfe([a;] rel y) are defined for aWk £Z and are finite, i.e. for some 
d>0; 

(ii) the groups HBfe([a;] rely) are invariants for the fibers in the same relative braid 
class [a; rely], i.e. if a; rely ~ a;' rely', then HBfc([a;] rely) ^ HBfc([a;'] rely'). For 
this reason we will write HB^, ([a; rel y]); 

(iii) if (a; rely) • A^^ denotes composition with £ full twists, then HBfe([(a;rely) • 
A2^])=HB,_2£([a;rely]). 

1.2 The Euler-Floer characteristic and the Poincare-Hopf Formula 

Braid Floer homology is an invariant of conjugacy classes in B„+m and can be com- 
puted from purely topological data. The Euler-Floer characteristic of HB* ([a; rel y]) is 
defined as follows: 

X(a:rely) = ^(-l)'=dimHBfc([a:rely]). (1.2) 

In Section[7|we show that the Euler-Floer characteristic of HB^, ([x rel y]) can be com- 
puted from a finite cube complex which serves as a model for the braid class. 

A 1-periodic function x £ C^(M/Z) is an isolated closed integral curve of X if there 
exists an e > such that x is the only solution of the differential equation 

<^{x{t))^^{t)~X{x{t),t), (1.3) 

in B^{x) c C^(M/Z). For isolated, and in particular non-degenerate closed integral 
curves we can define an index as follows. Let G M2x2(]R) be any matrix satisfying 

CT(e)n27rfciM = 0, for all /c e Z and let r/ ^ R{t;r]) be a curve in (M/Z; M2x2(]R)), 
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with R{t; 0) = e and R{t; 1) = D.^X{x[t),t) — the linearization of X at x{t). Then 
77 I— >■ F(ry) = — R{t;ri) defines a curve in Fredo(C^, C°), where we denote by 
Fredo(C^, C°) the space of Fredholm operators of index between and C". De- 
note by E c Fredo(C^, C°) the set of non-invertible operators and by Si c S the 
non-invertible operators with a 1 -dimensional kernel. If the end points of F are rn- 
vertible one can choose the path rj 1— > R{t; rf) such that ^(77) intersects E in Si and 
all intersections are transverse. If 7 = # intersections of F{ri) with Si, then 

l{x) ^ - sgn(det(e))(-l)''. (1.4) 

This definition is independent of the choice of 0, see Section|6] 

The above definition can be expressed in terms of the Leray-Schauder degree. Let 
M e GL(C°,C^) be any isomorphism such that <^m{x) := MS{x) is of the form 
'identity + compact'. Then the index of an isolated closed integral curve is given 
by 

l{x) = - sgn(det(e))(-l)^-(«) Aeg^s{^M,B,{x),Q). (1.5) 

where /3a/(0) is the number of negative eigenvalues of — A/6 counted with 
multiplicity. The latter definition holds for both non-degenerate and isolated 1- 
periodic closed integral curves of X. In Section|6]we show that the two expressions 
for the index are the same and we show that they are independent of the choices of 
Mande. 

Theorem 1.1 (Poincare-Hopf Formula). Let y be a skeleton of closed integral curves of 
a vector field X e J-\\ (D^ x M/Z) and let [x rel y] be a proper relative braid class. Suppose 
that all 1-periodic closed integral curves of X are isolated, then for all closed integral curves 
Xq rel y in [xq] rcl y it holds that 

^i-ixo) =x{xre\y). (1.6) 

Xo 



The index formula can be used to obtain existence results for closed integral curves 
in proper relative braid classes. 

Theorem 1.2. Let y be a skeleton of closed integral curves of a vector field X e F\\ 



\,2 



X 



M/Z) and let [a; rely] be a proper relative braid class. If x{xTe\y) ^ 0, then there exist 
closed integral curves xq rel y in [x] rel y. 



The analogue of Theorem 1.1 can also be proved for relative braid class [a; rely] in 
C„+,„(D^). Our theory also provides detailed information about the linking of so- 
lutions. In Section |8] we give various examples and compute the Euler-Floer char- 
acteristic. This does not provide a procedure for computing the braid Floer homol- 
ogy- 
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Remark 1.1. In this paper Theorem 1.1 is proved using the standard Leray-Schauder 
degree theory in combination with the theory of spectral flow and parity for oper- 
ators on Hilbert spaces. The Leray-Schauder degree is related to the Euler charac- 
teristic of Braid Floer homology. An other approach is the use the degree theory 
developed by Fitzpatrick et al. |j5j. 



1.3 Discretization and computability 

The second part of the paper deals with the computability of the Euler-Floer charac- 
teristic. This is obtained through a finite dimensional model. A model is constructed 
in three steps: 

(i) compose x rel y with £>0 full twists A^, such that {x rel y) ■ A^^ is isotopic to a 
positive braid x+ rel 

(ii) relative braids a;+ rcl j/+ are isotopic to Legendrian braids xl relj/i, on E^, i.e. 
braids which have the form xl — {qt,q) and y^ = {Qt, Q), where q = tt2X and 
Q = T^2V, and 712 the projection onto the 9— coordinate; 

(iii) discretize q and Q — {Q^} to qd ~ {^i}/ with qi ~ q{i/d), i = 0, . . . , d and 
Qd = {Qd}' with Qjj = {Qj} and Ql — Q^[i/d) respectively, and consider 
the piecewise linear interpolations connecting the anchor points qi and Ql for 
i = 0, . . . , rf. A discretization qn rcl Qd is admissible if the linear interpolation is 
isotopic to q rcl Q. All such discretization form the discrete relative braid class 
[qo rel Qd]/ for which each fiber is a finite cube complex. 
Remark 1.2. If the number of discretization points is not large enough, then the 
discretization may not be admissible and therefore not capture the topology of the 



braid. See [8| and Section 7.4 for more details. 



For d > large enough there exists an admissible discretization q^ rel Q o for any 
Legendrian representative XL^elyi, G [xrelj/] and thus an associated discrete rela- 
tive braid class [qo relQ^i]- Iri |8 | an invariant for discrete braid classes was intro- 
duced. Let rel Qd denote a fiber in [gD rel Qd]/ which is a cube complex with a 
finite number of connected components and their closures are denoted by Nj. The 
faces of the hypercubes Nj can be co-oriented in direction of decreasing the number 
of crossing in q^ rel Qd/ and we define iV^^ as the closure of the set of faces with 
outward pointing co-orientation. The sets NJ' are called exit sets. The invariant for 
a fiber is given by 

Ha([qD] rel Qd) = i?*(iV,-, A^,"). 
j 
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This discrete braid invariant is well-defined for any d > for which there ex- 
ist admissible discretizations and is independent of both the particular fiber and 
the discretization size d. For the associated Euler characteristic we therefore write 
x{qd relQn)- The latter is an Euler characteristic of a topological pair The Euler 
characteristic of the Braid Floer homology rel y) can be related to the Euler char- 
acteristic of the associated discrete braid class. 

Theorem 1.3. Let [x rel y] a proper relative braid class and i > is an integer such that 
(a; rely) • A^^ is isotopic to a positive braid a;+relj/+. Let qoTelQo be an admissible 
discretization, for some d > 0, of a Legendrian representative rel G [a;^ rel y+]. Then 

X{xre\y) = xilD re\Q})), 

where Q*^ is the augmentation ofQo by adding the constant strands ±1 to Qjj. 



The idea behind the proof of Theorem 1.3 is to first relate x(a;rel?;) to mechanical 



Lagrangian systems and then use a discretization approach based on the method of 
broken geodesies. Theorem 1.3 is proved in SectionjT] In Section|8]we use the latter 



to compute the Euler-Floer characteristic for various examples of proper relative 
braid classes. 



1.4 Additional topological properties 

In this paper we do not address the question whether the closed integral curves 
X rel y are non-constant, i.e. are not equilibrium points. By considering relative braid 
classes where x consists of more than one strand one can study non-constant closed 
integral curves. Braid Floer homology for relative braids with x consisting of n 
strands is defined in |T2| . The ideas in this paper extend to relative braid classes with 
multi-strand braids x. In Section |8] we give an example of a multi-strand x in x rel y 
and explain how this yields the existence of non-trivial closed integral curves. 

The invariant xiflD rel Qd) is a true Euler characteristic and 

x(gDrel(5£)) = x([<7d] rel Qd, [to]" rel Q^,) , 

where [qd]" rel Qd is the exit. A similar characterization does not a priori exist for 
[x] rel y. This problem is circumvented by considering Hamiltonian systems and 
carrying out Floer 's approach towards Morse theory (see |^), by using the isolation 
property of [x] rel y. The fact that the Euler characteristic of Floer homology is re- 
lated to the Euler characteristic of a topological pair indicates that Floer homology 
is a good substitute for a suitable (co)-homology theory. For more details see Section 
[Zland RemarkO 
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Braid Floer homology developed for the 2-disc can be extended to more gen- 
eral 2-dimensional manifolds. This generalization of Braid Floer homology for 2- 
dimensional manifolds can then be used to extend the results in this paper to more 
general surfaces. 

Acknowledgment. The authors wish to thank J.B. van den Berg for the many stim- 
ulating discussions on the subject of Braid Floer homology. 



2 Closed integral curves 

Let X e -7^11 (D^ X M/Z), then closed integral curves of X of period 1 satisfy the 
differential equation 

^ = X{x, t), X e D^, i e M/Z, ^2 1) 

a;(0) = x{l). 

Consider the unbounded operator : C^{R/Z) c C"(]R/Z) ^ C"(M/Z), defined 
by 

The operator is invertible for /i ^ 2Tik, fc e Z and the inverse : C^iM./'L) — > 
C°(]R/Z) is compact. Transforming Equation |2.1 1, using i^^, yields the equation 
^fi{x) =0, where 

$^(a;) := X - L^^[-JX{x,t) + ^x). 

If we set 

K^{x) ■.= L-^{-JX{xA)+^ix), 

then $^ is of the form $p(a;) = x — K^^{x), where K^^ is a (non-linear) compact 
operator on C"(M/Z). Since X is a smooth vector field the mapping $^ is a smooth 
mapping on C°(M/Z). 

Proposition 2.1. A function x e C°(M/Z), with \x{t)\ < 1 for all t, is a solution of 



= if and only ifx e C^(M/Z) and x satisfies Equation {2.1 



Proof. Ifxe C^(M/Z;D^) isasolutionof Equation|2.1 1, then $p(a;) = is obviously 



satisfied. On the other hand, if x e C"(M/Z; D^) is a zero of then x = K^{x) e 
(M/Z), since i?(L-i) c C^{R/Z). Applying to both sides shows that a; satisfies 



Equation (2.1 1. □ 
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Note that the zero set (0) does not depend on the parameter fi. In order to apply 
the Leray-Schauder degree theory we consider appropriate bounded, open subsets 
fl C C°(M/Z), which have the property that $^^0) ndfl = 0. Let Q = [x] rely, 
where [x] rely is a proper relative braid fiber, and y = {y^, - ■ ■ , y™} is a skeleton of 
closed integral curves for the vector field X. 

Proposition 2.2. Let [x rel y] be a proper relative braid class and let fl = [x] rcl y be the 
fiber given by y. Then, there exists an < r < 1 such that 

\x{t)\<r, and \x{t) ~ y^ [t)\ > 1 - r, Vj = l,---,m, V ^ e K, 

and for all x e $^H0) = {x <E VL \ x = K^^{x)}. 

Proof. Since Vl c C*'(M/Z) is a bounded set and is compact, the solution set 
$~^(0) n is compact. Indeed, let Xn = i^^(a;„) be a sequence in $"^0) ^ then 
K^{xn^,) ~> X, and thus Xn^ — ^ x, which, by continuity, implies that K^j^{xn^) 
K^(x), and thus x £ n Q.. 

Let Xn e 'i'^^ (0) n and assume that such an < r < 1 does not exist. Then, by the 
compactness of <i>^^(0) n fi, there is a subsequence Xn^, x such that one, or both 
of the following two possibilities hold: (i) |x(io)| = 1 for some <o- By the uniqueness 



of solutions of Equation 1 2.1 1 and the invariance of the boundary dV)^ {X{x,t) is 
tangent to the boundary), \x{t)\ = 1 for all t, which is impossible since \x\ rely is 
proper; (ii) a;(io) = y-'{ta) for some and some j. As before, by the uniqueness of 



solutions of Equation 1 2.1 1, then x{t) = y-'(t) for all t, which again contradicts the 



fact that [x] rcl y is proper. □ 



By Proposition 2.2 the Leray-Schauder degree deg2^5($^, £7, 0) is well-defined. Con- 



sider the Hamiltonian vector field 

Xh = JVH, J = J (2.2) 

where H{x, t) is a smooth Hamiltonian such that Xh G J-\\ (D^ x M/Z) and y is a 
skeleton for Xh- Such a Hamiltonian can always be constructed, see IV2\, and the 
class of such Hamiltonians will be denote by "Hn (y). Since y is a skeleton for both X 
and Xh, it is a skeleton for the linear homotopy X^ = (1 — a)X + aXn, a G [0, 1]. 
Associated with the homotopy X^ of vector fields we define the homotopy 

^ti,aix) -.^ X - L'^^{-JXa{x, t) + ^ix) = X- K^^a{x), " G [0, 1], 

with Kfj_^a{x) — L^^(^—JXa{x,t) + fix). Proposition 
by compactness there exists a uniform < r < 1 sue 



2.2| applies for all a e [0, 1], i.e. 
hthat 



|a;(t)|<r, and \x{t) ~ y^ {t)\ > 1 - 
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for all t eR, for all j and for all x e $^,q(0) n f2 = {x G | a; = ^^^^(a;)} and all 
a £ [0, 1]. By the homotopy invariance of the Leray-Schauder degree we have 

degi^,($^, n, 0) = degi5($^,„, r!, 0) = degi5(<i>^,H, n, 0), (2.3) 

where $^_o = 3"/^ and $^,1 — $^,_f/. Note that the zeroes of correspond to 
critical point of the functional 

£/h{x)^ [ \Jx- xt- H{x,t)dt, (2.4) 
Jo 

and are denoted by Crit^^ ([a;] rely). In p2) invariants are defined which provide 
information about $~^(0)nr2 = Criti^„([x] rely) and thus deg^5($p^_f/, Vt, 0). These 
invariants are the Braid Floer homology groups HB*([a;] rely) as explained in the 
introduction. In the next section we examine spectral properties of the solutions of 
$^;^(0) n in order to compute deg^5($^ , Vl, 0) and thus deg^5(<i>^, fi, 0). 
Remark 2.1. There is obviously more room for choosing appropriate operators 
and therefore functions In Section [6] this issue will be discussed in more detail. 



3 Parity, Spectral flow and the Leray-Schauder degree 

The Leray-Schauder degree of an isolated zero x of ^^_l{x) = is called the local 
degree. A zero x e $^^(0) is non-degenerate if 1 ^ a{DxK^{x)), where Dj,K^{x) : 
C°(M/Z) C"(M/Z) is the (compact) linearization at x and is given by D^Kf,{x) = 
L~^{—JDxX{x, i) + /i). If a; is a non-degenerate zero, then it is an isolated zero and 
the degree can be determined from spectral information. 

Proposition 3.1. Let x G C°{R/Z) be a non-degenerate zero of^f^ and let e > be suffi- 
ciently small such that B^{x) = {a; e C°(M/Z) | \x{t) — x{t)\ < e, Vt} fs a neighborhood 
in which x is the only zero. Then 

degLs{^^,B,ix),0) = degLs{ld-D,K^{x),B,{x),0) = {-lf^(-) 

where 

Coo 
\Jker{ajU-D.,K^{x)y 
, ~ ^, ,, *=i 

which will be referred to as the Morse index of x, or alternatively the Morse index of lin- 
earized operator D,j.^^{x). 

Proof Seef9]. □ 
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The functions $^.0(2;) = .t — A'^.q (x) are of the form 'identity + compact' and Propo- 
sition 3.1 can be applied to non-degenerate zeroes of ^fj..a{x) ~ 0. If we choose the 



Hamiltonian H e "{y) 'generically', then the zeroes of $p.^f are non-degenerate, 
i.e. 1 ^ <j{Dj,K^ji{x)), where DxK^ji{x) — D.j.Kf^^i[x). By compactness there are 
only finitely many zeroes in a fiber = [x] rel y. 

Lemma 3.1. Let x s jj(0) n fi. Then following criteria for non-degeneracy are equiva- 
lent: 

(i) 1 ^ aiD,K^,^Hix)); 

(ii) the operator B = —J-^ — DlH{x{t),t) is invertible; 

(Hi) let '^'{t) be defined by = 0, l'(O) = Id, then dct(«'(l) - Id) ^ 0. 

Proof. A function ip satisfies DxK^ ff{x)'ip — ip if and only if Bt/j = 0, which shows 
the equivalence between (i) and (ii). The equivalence between (ii) and (iii) is proved 
in|^12J. □ 

The generic choice of H follows from Proposition 7.1 in flT] based on criterion 
(iii). Hamiltonians for which the zeroes of $p,^f are non-degenerate are denoted 
by Hy°*(?/). Note that no genericity is needed for a e [0,1)! For the Leray-Schauder 
degree this yields 

degis(*M.o,^^,0)=deg^s($^^H,f^,0)= J2 (-l)^'-^^), (3.1) 

KGCritrf^ {[x] rcl y) 

for all a E [0, 1] and where /3^^h{x) is the Morse index of Id —DxK^^h{x). 

The goal is to determine the Leray-Schauder degree deg^5(<I>^, il, 0) from informa- 
tion contained in the Braid Floer homology groups HB*([a;] rely). In order to do so 
we examen the Hamiltonian case. In the Hamiltonian case the linearized operator 

Dx'^t,,H{x) is given by 

A := D^^^^h{x) = Id -D^K^,h{x) = Id ^L'^ {DlH{x{t), t)+fi), 

which is a bounded operator on C"(M/Z). The operator A extends to a bounded 
operator on L^(M/Z). Consider the path 77 1-> A{ri), 77 e / = [0, 1], given by 

^(77) = Id-L-\Sit:7j)+fi) = Id-T,irj), (3.2) 

where S{t; -q) a smooth family of symmetric matrices and !),(?;) = L'^^{S{t] rj) + fi). 
The endpoints satisfy 

S{t;0) = eid, S{t;l) = DlH{x{t),t), 
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with 6 7^ 27rfc, for some fc e Z and DlH{x{t),t) is the Hessian of H at a critical 
point in Grit ([a;] rely). The path of 77 i-^- A(ri) is a path bounded linear Fredholm 
operators on L^(E/Z) of Fredholm index 0, which are compact perturbations of the 
identity and whose endpoints are invertible. 



Lemma 3.2. The path i] t-^ A{ri) defined in (3.2 • is a smooth path of hounded linear Fred- 



holm operators in iJ'*(IR/Z) of index 0, with invertible endpoints. 

Proof. By the smoothness of S{t; rf) we have that \\S{t\ rf)x\\H-^ < C||a::||/fm, for any 
X G iJ™(M/Z) and any m g N U {0}. By interpolation the same holds for all x e 
H^iR/Z) and the claim follows from the fact that L-^ : i7"(M/Z) i7"+i(M/Z) ^ 
iJ''(M/Z) is compact. □ 



3.1 Parity of paths of linear Fredholm operators 

Let rj 1-^ A (77) be a smooth path of bounded linear Fredholm operators of index on 
a Hilbert space J/f. A crossing r/o e / is a number for which the operator A(77o) is 
not invertible. A crossing is simple if dinikcr A(77o) = L A path 77 i-> A{r]) between 
invertible ends can always be perturbed to have only simple crossings. Such paths 
are called generic. Following f^-^, we define the parity of a generic path 77 ^ A{ri) 
by 

parity(A(77),/):= H (-1) = ^) , (3.3) 

kcrA(jjo)#0 

where cross(A(77), /) = #{7/0 G / ; ker^(7/o) 7^ 0}. The parity is a homotopy 
invariant with values in Z2. In |3- 6 1 an alternative characterization of parity is given 
via the Leray-Schauder degree. For any Fredholm path 7/ A (77) there exists a path 
77 i-> M{ri), called a parametrix, such that rj ^ M{r])A{ri) is of the form 'identity + 
compact'. For parity this gives: 

parity (A(77),/) = degis(M(0)A(0)) • deg^5(M(l)A(l)), 

where deg^5(A/(77)A(77)) — degi^g[AI{?])A{7]),.J^,0), for r] — 0,1, and the expres- 
sion is independent of the choice of parametrix. The latter extends the above defi- 
nition to arbitrary paths with invertible endpoints. For a list of properties of parity 
see||3}|6j. 

Proposition 3.2. Let 77 ^(77) be the path of bounded linear Fredholm operators on 



H'iR/Z) defined by Q. Then 

parity(yl(77),/) = {-i fMo) . ^ (_i)/3a(o)-/3a(i) , (3_4) 

where /3a(o) l^A{i) cire the Morse indices o/A(0) and A{1) respectively. 
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Proof. For 77 h> A{ri) the parametrix is the constant path !—> M(77) = Id. From 
Proposition |3 . 1 1 we derive that 



degi5(A(0)) - i-lfMo,, and degis(A(l)) = {-ifMi,^ 

which proves the first part of the formula. Since f3{A{0)) - /3(^(1)) = [^(^(0)) + 
/3(A(1))] mod 2, the second identity follows. □ 



Lemma 3.3. For 6 > 0, the Morse index for A{0) is given by Pa{o) — 2 



27r 



Proof. The eigenvalues of the operator ^(0) are given by A = J'^-^Utt ^^'^ have 
multiplicity 2. Therefore number of integers k for which A < is equal to 
and consequently /3a(o) = 2 



2ir 



27r 

□ 



If x e ^^//(O) is a non-degenerate zero, then its local degree can be expressed in 
terms of the parity of A{ri). 

Proposition 3.3. Let x e ^^\{^) bie a non-degenerate zero, then 

^^^Ls{^^^.n,B,(x),^) = parity (A(77),/), (3.5) 
where t\ h-)- A{r\) is given by ([3.2|>. 



Proof. From Proposition |3.l| we have that degj^5($^^jj, Bf{x),0) = (— and by 
Equation (jS^iJ, parity = {-l)0Mo) . ^ (- 1)'^ a (i > ^ which completes 

the proof. □ 



3.2 Parity and spectral flow 

The spectral flow is a more refined invariant for paths of selfadjoint operators. For 
X G i7''(M/Z) we use the Fourier expansions = Sfcez ^^'^ X^feez l^l^^l^fel^ ^ 
c». From the functional calculus of the selfadjoint operator 

fcez 

we define the selfadjoint operators 

N,x^y2{2n\k\+^,)e'-''''x,, and P^:r = V l^^e^^^'^'x^. (3.6) 
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For /i > and /i 7^ 27rfc, fc e Z, the operator is an isomorphism on iJ^(M/Z), for 
all s > o|^ Consider the path 

Cirj) = P^A{ri) = P,- N-\Sit; rj) + fi), (3.7) 

which is a path of operators of Fredholm index 0. The constant path 77 i~> M^{rf) ~ 
is a parametrix for 77 ^ C{j]) (see |j5j|6|) and since Mf^C(rj) ~ A{rj), the parity of 
C (77) is given by 

parity (C(77), /) - parity (^(77), /). (3.8) 

Using Nf^, with /i > and /i 7^ 27r/c, we define an equivalent norm on the Sobolev 
spaces H'{R/Zy. 



Lemma 3.4. T/ze operators C{rj) are selfadjoint on \^H^/^{R/Z), (•, ■)jfi/2j for all rj e I, 
and 77 H> (7(77) fs a path of selfadjoint operators on H^/^(R/Z). 

Proof. From the functional calculus we derive that 

{P,iX,y)H- = ^Pf,{k)n^^ {k)xkyk = {x,P^y)H-, 

fcez 

where 7i^(A;) = 27r|fc| + fi and p^(fc) = For s = 1/2 we have that 

which completes the proof. □ 

For a path 77 i-?- A(77) of selfadjoint operators on a Hilbert space J^, which is contin- 
uously differentiable in the (strong) operator topology we define the crossing oper- 
ator r(A, 77) = 7r;^A(?7)7r|ker A(r))/ where n is the orthogonal projection onto ker A(?7). 
A crossing 7/0 G / is a number for which the operator A (770) is not rnvertible. A cross- 
ing is regular if r(A, 770) is non-singular. A point 770 for which dimker A(77o) = 1, is 
called a simple crossing. A path 77 1— > A (77) is called generic if all crossings are simple. 
A path 77 > A (77) with invertible endpoints can always be chosen to be generic by a 
small perturbation. At a simple crossing 770, there exists a C^-curve A(r/), for r/ near 
770, and A(77) is an eigenvalue of A(77), with A(77o) = and A'(77o) 7^ 0, see | TOpl) . The 
spectral flow for a generic path is defined by 

specflow(A(77),/)= sgn(A'(77o)). (3.9) 

A(r,o)=0 



''As before \\Pf^x\\jjs < \\x\\hb and ||P^ ^x\\„i/2 < C{fi)\\x\\„i/2, M > and /i 7^ 27rfc 
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For a simple crossing 770 the crossing operator is simply multiplication by A' (770) 
and 

r(A,77)V(r;o) = {^A{vomVo),i'{vo)) ^Hm) = A'(77o)V(%), (3.10) 

where ipirjo) is normalized in Jf, and 

A'(77o) = (^A(r;o)V(%)V'(%))^. (3.11) 

The spectral flow is defined for any continuously differentiable path 77 1-> A(77) with 
invertible endpoints. From the theory in f6] there is a connection between the spec- 
tral flow of A(?7) and its parity: 

parity(A(77),/) = (_i)Specflow(A(77), 7)^ (3^2) 



which in view of Equation 1 3.3 1 follows from the fact that cross(A(r7) , /) = specflow(A(77) , 77) 
mod 2 in the generic case. 



The path 77 1— > (7(77) defined in 1 3.7 1 is a continuously differentiable path of operators 
onH — i?^/^ (M/Z) with invertible endpoints, and therefore both parity and spectral 
flow are well-defined. If we combine Equations p.5\ and 13.8 1 with Equation | 3.12| 
we obtain 

deg^si^^,H,B,{x),0) = parity (Air,), I) = (_i)Specflow(C(77), /)_ (3.13) 

In the next section we link the spectral flow of C(ri) to the Conley-Zehnder indices 
of non-degenerate zeroes and therefore to the Euler-Floer characteristic. 



4 The Conley-Zehnder index 

We discuss the Conley-Zehnder index for Hamiltonian systems and mechanical sys- 
tems, and explain the relation with the local degree and the Morse index for me- 
chanical systems. 



4.1 Hamiltonian systems 

For a non-degenerate 1-periodic solution x{t) of the Hamilton equations the Conley- 
Zehnder index can be defined as follows. The linearized flow ^' is given by 

*(0) = Id, 
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By Lemma 3.1 iii), a 1-periodic solution is non-degenerate if ^1/(1) has no eigenvalues 
equal to 1. The Conley-Zehnder index is defined using the symplectic path ^(t). 
Following [ |llj , consider the crossing form r(vl', t), defined for vectors ^ G ker('I'(t) — 
Id), 

r(vl/, i)^ = c.(e, |*(<)e) = (e, DlH{x{t), t)C). (4.1) 

A crossing io > is defined by det(\l/(to) ^ Id) = 0. A crossing is regular if the cross- 
ing form is non-singular. A path in- ^^(t) is regular if all crossings are regular. Any 
path can be approximated by a regular path with the same endpoints and which is 
homotopic to the initial path, see |10J for details. For a regular path t i-^ \t'(t) the 
Conley-Zehnder index is given by 

^i^^{^)^^sgnDlH{x{0),0))+ J2 sgnr(vI/,to). (4.2) 

to>o, 

dct(*(to)-Id) = 

For a non-degenerate 1-periodic solution x{t) we define the Conley-Zehnder index 
as ^^^{x) := and the index is integer valued. 

Let a; be a 1-periodic solution and consider the path 77 m- _B(r/; x) — — S(t] rf), 

where, as before, S{t-, rj) is a smooth path of symmetric matrices with endpoints 
S{t;0) ^eid and S{t; 1) = DlH{x{t),t) with 7^ 27r/c, fc e Z. The operators B(?/) ^ 
B{r]; x) are unbounded operators on L^(M/Z), with domain H^{R/Z). A path 77 
B{ri) is continuously differentiable in the (weak) operator topology of B{H^,L^) 
and Hjrpotheses (A1)-(A3) in |11| are satisfied. We now repeat the definition of 
spectral flow for a path of unbounded operators as developed in [llj . The crossing 
operator for a path 7/ 1-^ B{f]) isgivenbyr(_B,7y) — 7rJ^_B(77)7r|i^(,rB(r)), where tt is the 
orthogonal projection onto keri?(77). A crossing 770 G / is a number for which the 
operator B{rio) is not rnvertible. A crossing is regular if r(i3, r;o) is non-singular. A 
point 770 for which dimkeri?(7/o) = 1, is called a simple crossing. A path r/ B{rj) 
is called generic if all crossing are simple. A path rj ^ B{rj) can always be chosen 
to be generic. At a simple crossing rjQ there exists a C^-curve i{ri), for rj near rjQ, and 
i{rj) is an eigenvalue of -8(7;) with ^(770) — and £'{rio) ^ 0. The spectral flow for a 
generic path is defined by 

specflow(i?(77),/)= J2 sgn(^'(?7o)), (4.3) 

e{no)=Q 

and at simple crossings 770, 

TiB,rj)q^M = i^^Birjomm),Hm)) ^Jim) = i'MHm), (4.4) 

after normalizing 0(770) in L^(M/Z). As before the derivative of i at 770 is given 
by 

£'(770) - -(9,,5(t; 770)0(770), 0(770))^,. (4.5) 
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Proposition 4.1. Let rj !-> B{r]),i] € /, as defined above, be a generic path of unbounded 
self-adjoint operators with invertible endpoints, and let -q \^ '^{t, t) be the associated path 
of symplectic matrices defined by 

-J—it-rj)-S{t;fj)^it;fj)^0 

^ *(0;^)=ld, 
Then 

specflow(B(?7), /) = Aigfo) - /igfi) (4.6) 
where /igf^^ = ^,^^{^{t; 0)), ^^gf,, = ^,^^{^{t; 1)). 

Proof. The expression for the spectral flow follows from l^lljl and ||l2j. □ 

In the case 77 = 0, the Conley-Zehnder index can be computed explicitly. Recall 
that B(0) = - JJ^ - S'(O) = - JJ^ - 01d. 

Lemma 4.1. Let 9 > (fixed) and B ^ lixk, then ^g^^^ = 1 + 2 [^^J . 

Proof. The solution to B(fS)^(t) = is given by ^(t) = e*'-^* and dGt(*(l) - Id) = 
exactly when t = to = By and we have that T{^>,t)S. = 6*1^12 and 

therefore /^g^^ — 1 + 2 [^J , which proves the lemma. □ 

The zeroes a; e in 51 = [x] rely can estimated by Braid Floer homology 

HB*([a;] rely) of O = [x] rely. The Euler-Floer characteristic of HB*([a;] rely) is de- 
fined as 

x(HB4[a;]rely)) := ^(-l)''diniHBfc([a;] rely). (4.7) 

feez 

In fr2\ the following analogue of the Poincare-Hopf formula is proved. 
Proposition 4.2. For a proper braid class [x] rely and a generic Hamiltonian H e 'Hjj°^(y), 
it holds that 



x(HB,([x]rely)) - ^ (-1) 



It remains to show that x(HB*([a;] rely)) and deg^5($^,i/, fi, 0) are related. 
Proposition 4.3. For a proper braid class [x] rely and a generic Hamiltonian H e ^{^^^(y), 
we have that 

x(HB,([x]rely)) ^ specflow(B(r;; x), /)^ (48) 

if/iere 77 1-> i3(7/; a;) fs groe« above for x G h (0)- 
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Proof. By Proposition |4T| and Lemma 4.1 the spectral flow satisfies. 



/x^^(a:) = //gfi.,) A*gfo) - specflow(B(77; a:), J) 
= l + 2LlfJ -specfiow(S(77;a;),/). 

This implies 

^ _(_!)- spccflow(B(r7;a:),/)^ 
which completes the proof. □ 

4,2 Mechanical systems 

A mechanical system is defined as the Euler-Lagrange equations of the Lagrangian 
density L{q, t) = ^q^ — V{q, t). The linearization at a critical points q{t) of the La- 
grangian action is given by the unbounded opeartor 

(P 

— - DlV{q{t).t) : H^{R/Z) c L^(R/Z) L\R/Z). 



Consider a J'^th of unbounded self-adjoint operators on L (M/Z) given by -q 
D{ri) = - Q{t;ri), with Q{t;-q) smooth. If D{{)) and D{1) are uwertible, tl 

the spectral flow is well-defined. 

Proposition 4.4. Assume that the endpoints ofrj i-> D{ri) are invertible. Then 



specaow{D{7^),I) = /3p(o) - /3i5(i), (4.9) 
where /3d(o) ^wrf /3d(i) 'fe the Morse indices ofD{0) and D{1) respectively. 



Proof. In 1 11 1 the concatenation property of the spectral flow is proved. We use 
concatenation as follows. Let c > be a sufficiently large constant such that D{0) + 
eld and D{l) + cAd are positive definite self -adjoint operators on i^(M/Z). Consider 
the paths rj t-^ Di{r]) = D{0) + r/cld and r/ D2{r]) = D{1) + (1 - r/)cAd. Their 
concatenation DijfD2 is a path from D{0) to D{1) and rj i-> Dijj=D2 is homotopic 
to ?7 1— D{rj). Using the homotopy invariance and the concatenation property of the 
spectral flow we obtain 

specflow(Z3(r/), /) — specflow(_Di#Z32, = specflow(_Di, /) + specflow(Z?2, -^)- 

Since D(0) is invertible, the regular crossings of Di {rf) are given by -q} = — , where 
Xi are negative eigenvalues of -D(O). By the positive definiteness of -D(O) + cid, the 
negative eigenvalues of I?(0) satisfy > > — c. For the crossing rji this implies 

< 77, = -— < 1, 
c 
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and therefore the number of crossings equals the number of negative eigenvalues of 
-D(O) counted with multiplicity. By the choice of c, we also have that -^Di (ry) = c Id 
is positive definite and therefore the signature of the crossing operator of Diirj) 
is exactly the number of negative eigenvalues of 15(0), i.e. specflow(_Di, /) = fioio)- 
For D2(?7) we obtain, specflow(_D2,/) — —Pd{i)- This proves that specflow(_D(r7), /) = 

For a mechanical system we have the Hamiltonian H{x, t) — + V{q, t). As such 
the Conley-Zenhder index of a critical point q can be defined as the Conley-Zehnder 
index of a; = (gt, q) using the mechanical Hamiltonian, see also [1| and |2|. 
Lemma 4.2. Let qhe a critical point of the mechanical Lagrangian action, then the associ- 
ated Conley-Zehnder index fj,^^{x) is well-defined, and ^^^{x) = P{q), where f3{q) is the 
Morse index of q. 



Proof. As before, consider the curves r; B{rj) and -q ^ D{ri), ry G / = [0, 1] given 

by 

The crossing forms of the curves are the same — r(i3, rf) = T{D, 77) — and therefore 
also the crossings ?/o are identical. Indeed, B{rjQ) is non-invertible if and only if 
D{rio) is non-invertible. Consequently, specflow(_B(ry), /) = specflow(Z3(r/), /) and 



the Propositions 4.1 and 4.4 then imply that 

/^D(o) - ^13(1) = Msfo) ~ f^sfi)- (4-10) 

Now choose Q{t; 77) such that Q{t; 0) = d'^V{q{t),t) + c and Q{t; 1) = D'^V{q{t),t) 
and such that 77 B{ri) and rj 1-^ D{rj) are regular curves. If c <C 0, then /3£)(o) — 0. 
In order to compute /i^^^ we invoke the crossing from r(^,i) for the associated 
symplectic path ^'(i) as explained in Sectionjl] Crossings at to G (0, 1] correspond 
to non-trivial solutions of the equation D{0)ilj — on [0, to], with periodic boundary 
conditions. To be more precise, let ^' = (0, ^j), then i?(0)^ = is equivalent to 
ipt = (p and -^t - [DlV{q{t),t) + c)V' = 0, which yields the equation D{Q)iIj = 0. 
For the latter the kernel is trivial for any to G (0, 1]. Indeed, if V' is a solution, then 
/o" IV'tP — Jo"iB>qV{q, t) + c)-!/;^ < 0, which is a contradiction. Therefore, there are 
no crossing to e (0, 1]. As for to = we have that (D^y(g(0),0) + c) < 0, which 
implies that sgn 5'(0; 0) = and therefore M^^-, = 0, which proves the lemma. □ 
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5 The spectral flows are the same 



In order to show that the spectral flows are the same we use the fact that the paths 
r] I— >■ C{ri) and r/ 1-^ -B(r/) for a non-degenerate zero Xi G '&^^f (0) are chosen to have 
only simple crossings for their crossing operators, i.e. zero eigenvalues are simple. 
In this case the spectral flows are determined by the signs of the derivatives of the 
eigenvalues at the crossings. For 77 1-^ B{ri) the expression given by Equation |4.5 
and from Equation | 3.11| a similar expression for 77 1— )■ C(vi) can be derived and is 
given by 

A'(r,o) = -{N-^d.,s{t-j^omj^o),i^{m))Hi,2 - -{d^s{t-7^o)i^{7^o).iAm))L^ (5.1) 

Lemma 5.L The sets {r/ e [0, 1] : C(r/)V'(r/) = 0} and {r/ € [0, 1] : B{-q)(j){T]) = 0} are 
the same, and the operators C{r]) and B{r]) have the same eigenfunctions at crossings rjo- In 
particular, rj B{r]) is generic if and only ifrj n- C(?/) is generic. 

Proof. Given 770 G [0, 1] such that C{rio)ip{rio) ~ 0, then 

P^ijim) - iV-i (5(770; t) + Mvo) = 0, 

and thus ipivo) — L'^^{S{riQ; t) + ^)ilj(ri^) = 0, which is equivalent to the equation 



J ft - Sit; Vo)) Hvo) = 0, i.e. BiTjoMrto) 



0. 



Lemma 5.2. For all fi > 0, with ^ 27rfc, k eZ, sgn A' (770) 
at 770. 



□ 



sgn ^' (770 ) for all crossings 



Proof. The eigenfunctions ipivo) in Equation 1 5.1 1 for A'(77o) are normalized in i7^/^(IR/Z) 
and therefore they relate to the eigenfunctions (f>{rjo) in Equation (4.5 1 for £'{rio) as 
follows: 



\<PiVo)\\H^/-2 ' 
Combining Equations | |4.5| and | |5.1| then gives 

A' (770) = -(9,,S'(t; 770)7^(770), -0(?7o)) ^2 
1 



'^(^o)ll 



= 1. 



\HVq}\\hi/ 



-{drjS{t;r]o)(t)ir]o),(t){'no)) 



L2 



\4>{r]Q)\\Hi/ 



which proves the lemma. 

; implies that for any non-degenerate x e H ^ 

specflow(C(77; x), /) = specflow(i?(77; x), /), 



Lemma 



5.2 



□ 



(5.2) 
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where -8(77; x) and C{ri: x) are the above described path associated with x. There- 
fore 

parity (^(77; a;),/) - (_i)Specflow(C(77; a;), /) ^ (_^)Specflow(B(r;; a;), /) ^ (5 3) 

which yields the following proposition. 
Proposition 5.1. The Leray-Schauder degree satisfies 

degis($^^ff,r!,0) = -x(HB,([x]rely)). 

Proof. For any Hamiltonian H E T~l,\\{y) there exists a generic Hamiltonian H E 
such all zeroes Xi e ^^^^(0) ^ are non-degenerate. Since = [a;] rely is 
isolating for all Hamiltonians in ■Hy (y), the invariance if the Leray-Schauder degree 
yields dcg^5($p,^f, fi, 0) deg^5($^ jj, O, O). From the Propositions 
and Equation ||5.3| we conclude that 



3.3 



and 



4.3 



degis (<i>M,H, f^, 0) = deg^s ($^^ , 1], 0) 



_ ^ j-_-[^-jSpecflow(i3(7;; x), /) _ ^ speciiow{B{T]; x) , I) 

= ~x(HB,([a;] rely)), 
which completes the proof. □ 

Remark 5.1. As /i > 1 it holds that i'{rio) ^ ^.\'{r]o)- Indeed, ||0(7?o)||^i/2 = 
^j,(27r|A;| + ij)a\, where are the Fourier coefficients of 0(770) arid a^. — 1. Since 
0(770) are smooth functions the Fourier coefficients satisfy the following properties. 
For any 5 > Q and any s > 0, there exists Ns,s > such that J2\k\>N I^P'^kfeP < ^/ 
for all TV > 7V5,s. From the latter it follows that J2k 27r|fc|a^ < C, with C > inde- 
pendent of 770 and ^. We derive that ^ < ||0(77o)||^i/2 < C* + ^ and 

1 4„ M ^ M'(?7o) ^ M < ^ ^ 1 
C + M - ^'(770) ll0(%)ll^i/2 - ' 

as ^ — > 03, which proves our statement. 



6 The proof of Theorems 1.1 and 1.2 



We start with the proof of Theorem 1.2 Since HB*([a;] rely) is an invariant of the 
proper braid class [x rel y] it does not depend on a particular fiber [x] rel y. Therefore 
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we denote the Euler-Floer characteristic by X (2: rely) := x(HB*([a;] rely)). Recall 
the homotopy invariance of the Leray-Schauder degree as expressed in Equation 

degis(^M' 0) = degis($^,„, Q, 0) = degis($^,i/, 17, 0). 
By Proposition |5 . 1 1 we have that 

degis($;.,f7,0) = degis($^,ff,17,0) = -x(xrely), 

and x{x rel y) 7^ 0, then implies that (0) n $7 7^ 0. Therefore there exists a closed 
integral curves in any relative braid class fiber of [xrely], whenever x(a;rcly) 7^ 0, 



and this completes the proof of Theorem 1.2 



The remainder of this section is to prove the Poincare-Hopf Formula in Theorem 1.1 
for closed integral curves in proper braid fibers. The mapping 

: C\R/Z) C°{R/Z), S'{x) ^ '^~X{x,t), 

is smooth (nonlinear) Fredholm mapping of index 0. Let M e GL(C'', C^) be an 
isomorphism such that M<^{x) is of the form MS{x) ^ <^m{x) — x ~ Km{x), with 
Km ■ C^(M/Z) — > C^(M/Z) compact. Such isomorphisms M (constant parametri- 

ces) obviously exist. For example M = + 1^ , or 7\f = —JL^^. The mappings 
$A/ : C^M/Z) Ci(M/Z) are Fredholm mappings of index 0. 

Let X e C^(M/Z) be a non-degenerate zero of S and recall the index l{x): 

i(x) - -sgn(det(e))(-l)'3-(«Megis($M,Se(x),0), 

where 9 S M2x2(]R), with a{Q) n 27rfciM = 0, fc e Z and /3a/(0) is the Morse index 
of lA-Kui^i). 

Lemma 6.1. T/ze index L{x)for a non-degenerate zero of S is well-defined, i.e. independent 
of the choices of M e GL(C°, C^) awd 9 e M2x2(K)- 

Proof. Consider smooth paths rj ^ FQ{ri), defined by FQ{ri) ~ — R{t'iV)' where 
R{t; 0) = 9 and R{t; 1) = D^X{x{t), t). The path 

Fe : [0,1] ^Fredo(C\C°) 



has invertible end points, and by the theory in ||3||4| we have that the parity of 
77 1— > Fq {rf) is well-defined and independent of M, i.e. 

parity (Fe(ry),/) = parity (Dm.g (ry), /) = (-l)^-(e)(_i)/3M W 
= (_l)^M(e) degis(ci>M,i?.(x),0), 
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where Dm, eif]) = MFQ{ri) and 13 m {x) is the Morse index of Dm, e{^) =Id— ii'M(l)- 
It remains to show that the index l{x) is independent with respect to 9. Let 9 and 
9' be admissible matrices and let i] i-> G{r]) he a path connecting G(0) = ^ — 9 and 
G(l) = ^ - 6'. For the parities it holds that 

parity(Fe(?7), /) = parity(G(?7), /) • parity (Fe' (??), /). 

To compute parity(G(?7), /) we consider a special parametrix M^, given by M^^ = 
+ fJ^ , > 0. From the definition of parity we have that 

parity (G(?7),/) = parity(M^G(r?), 7) = degis(M^G(0)) • degis(M^G(l)). 

We now compute the Leray-Schauder degrees of M^G(O) and M^G(l). We start 
with 9 and in order to compute the degree we determine the Morse index. Consider 
the eigenvalue problem 

M^G(0)V' = AV-, A e M, 
which is equivalent to(l — A)^ = (9 + A^)V'- Non- trivial solutions are given by 
tp{t) = exp (^^t) -00, which yields the condition = 27rfci, k € Z, where is 
an eigenvalues of 9. We now consider three cases: 

(i) 9± = a± ib. In case of a negative eigenvalue A we have = and = 2iTk. 
The same A < also suffices for the conjugate eigenvalue via = — 27rfc. This 
implies that any eigenvalue A < has miiltiplicity 2, and thus degj^g (M^G(O)) = 1. 

(ii) 9± gR, 6- ■ 6+ > 0. In case of a negative eigenvalue A we have ^^^^^ = and 
thus A± = — — , which yields two negative or two positive eigenvalues. As before 

degis(M^G(0)) - 1. 

(iii) 9± e M, 6*- • 0+ < 0. From case (ii) we easily derive that there exist two eigen- 
values \±, one positive and one negative, and therefore deg^^(M^G(0)) = — 1. 

These cases combined unpliy that deg^5(M^G(0)) = sgn(dct(9)) and 

parity (G(77), 7) = sgn(det(9)) • sgn(det(9')). 

From the latter we derive: 

sgn(det(9))-parity(Fe(r/),7) 

= sgn(det(9)) • sgn(det(9)) • sgn(det(9')) • parity (7^e'(?7), /) 
= sgn(det(9')) • parity(Fe'(??), 7), 

which proves the independence of 9. □ 
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Lemmas 6.1 shows that the index of a non-degenerate zero of S" is well-defined. We 
now show that the same holds for isolated zeroes. 

Lemma 6.2. The index i{x)for an isolated zero of S is well-defined and for a fixed choice of 
M and 6 the index is given by 

i(x) = -sgn(det(e))(-l)^-(®)deg^5($M,i?e(a;),0), 

where e > Ois small enough such that x is the only zero of S in B^{x). 

Proof. By the Sard-Smale Theorem one can choose an arbitrarily small h G C°(K/Z), 
ll^llc < f'/ such that his a regular value of S and (^^^{h) n B^{x) consists of finitely 
many non-degenerate zeroes in x/^. Set S'{x) — <S'{x) — h and define 



a:he<f-i(o)ns,(x) 



(6.1) 



We now show that l{x) is well-defined. Choose a fixed parametrix M (for (?) and 
fixed e e M2x2(]R), and let $a/ = M^, then 

Y^^i^h) = -sgn(det(e))(-l)^-(«)^degis($M,i3..(a:;,),0), 

where B^^ (xh) are sufficiently small neighborhoods containing only one zero. From 
Leray-Schauder degree theory we derive that 

Y degLs{^M,B,^{xh), 0) = degis($M, 5e(a;), 0) = deg^gi^M, S,(x), 0), 
which proves the lemma. □ 



Theorem 1.1 now follows from the Leray-Schauder degree. Suppose all zeroes of 
in^l = [x] rely are isolated, then Lemma [6.2| implies that 

Y ^i^) = -sgn(dct(e))(-l)^-(«)^degi5(<i>M,i3e(2:),0) 

a;6^-i(0)nSl x 

- - sgn(det(e))(-l)'^-(®) degis($M, f^, O) 

Since the latter expression is independent of M and Q we choose M — L^^ and 
9 = 9 J. Th en, <I>m = ^^i, and for the indices we have sgn(det(0J)) = 1 and by 
Lemma 



3.3 



(— l)'^^f ^^^'^^ = 1. By Proposition 5.11 deg^5($^, ri, 0) = — x(a;rel?/). 



which, by substitution of these choices into the index formula, yields 

Y '•(a;) = X (2: rely), 

a:G<f-i(0)nO 



completing the proof Theorem 1.1 
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7 Computing the Euler-Floer characteristic 



In section we prove Theorem 1 .3 and show that the Euler-Floer characteristic can be 



determined via a discrete topological invariant. 



7.1 Hyperbolic Hamiltonians on 

Consider Hamiltonians of the form 

H{x,t)^^p^-^q^ + h{x,t), (7.1) 
where h satisfies the following hypotheses: 

(hi) h e C°°(M2 X M/Z); 

(h2) supp(/i) c M X [-R, R] X M/Z, for some R > 0; 

(h3) ||/i||c2(R2xR/z) < c. 

Lemma 7.1. Let H be given by with h satisfying (hl)-(h3). Then, there exists a 
constant R' > R > 0, such any 1-periodic solution of x of x' = Xnix^t) satisfies the 
estimate 

\x{t)\ < R\ for all t e R/Z. 

Proof. The Hamilton equation in local coordinates are given by 

Pt ^ q - hq{p,q,t), qt ^ p + hp{p,q,t). 
Since h is smooth we can rewrite the equations as 

qtt ^ h.pq{p,q,t)qt + {l + hpp{p,q,t)){q~'hq{p,q,t)) +hpt{p,q,t). (7.2) 

If x{t) is a 1-periodic solution to the Hamilton equations, and suppose there exists 
an interval / = [to,ti] C [0, 1] such that \q{t)\ > Ron int(/) and = R- The 

fimction q\j satisfies the equation qtt — q ~ 0, and obviously such solutions do not 
exist. Indeed, if q\i > R, then (?t(io) > and qt{ti) < and thus > qt\di = Jjq > 
R\I\ > 0, a contradiction. The same holds for q\i < —R. We conclude that 

\q{t)\ < R, for all t e M/Z. 



We now use the a priori q-estimate in combination with Equation | |7.2| and Hypoth- 
esis (h3). Multiplying Equation ||7.2| by q and integrating over [0, 1] gives: 



1 pI pi j-l 

qt = - / hpgqtq- / {l + hpp) {q - hg)q - / hptq 
Jo Ja Jo 



»i 

<C I \qt\+C<e 







Jo 
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which implies that < C{R). The i^-norm of the right hand side in (7.2 i can 

be estimated using the L°° estimate on q and the L-^-estimate on qt, which yields 
Jq Qtt — C{R). Combining these estimates we have that ||(?||h2(r/z) < C{R) and 
thus \qt{t)\ < C{R), for all t e M/Z. From the Hamilton equations it follows that 
\p[t)\ < \<lt{t)\ + C, which proves the lemma. □ 

Lemma 7.2. If H{x, t; a), a e [0, 1] fs a (smooth) homotopy of Hamiltonians satisfying 
(hl)-(h3) with uniform constants R > and c > 0, then \xa{t)\ < R',for all 1-periodic 
solutions and for all a e [0, 1]. 



Proof. The a priori iJ^-estimates in Lemma 7.1 hold with uniform constants with 



respect to a e [0, 1]. This then proves the lemma. □ 



7.2 Braids on M? and Legendrian braids 

In Section[l]we defined braid classes as path components of closed loops in £C„ (D^ ), 
denoted by [x]. If we consider closed loops in C„(M^), then the braid classes will 
be denoted by [x]r2. The same notation applies to relative braid classes [xrely]R2. 
A relative braid class is proper if components Xc C x cannot be deformed onto (i) 
itself, or other components x'^ C x, or (ii) components Uc C y. A fiber [a;]R2 rely is 
not bounded! 

In order to compute the Euler-Floer characteristic of [x rel y] we assume without loss 
of generality that x rcl y is a positive representative. If not we compose x rcl y with 
a sufficient number of positive full twists such that the resulting braid is positive, 
i.e. only positive crossings, see p2) for more details. The Euler-Floer character- 
istic remains unchanged. We denote a positive representative x+ rel j/+ again by 
x rel y. 

Define an augmented skeleton y* by adding the constant strands y-(<) = (0, —1) 
and y+(i) — (0,1). For proper braid classes it holds that [a; rel y] = [xiely*]. For 
notational simplicity we denote the augmented skeleton again by y. We also choose 
the representative x rel y with the additional the property that tt2X rel 7r2y is a relative 
braid diagram, i.e. there are no tangencies between the strands, where tt2 the projec- 
tion onto the g-coordinate. We denote the projection by qielQ, where q — tt2x and 
Q = ""22/- Special braids on can be constructed from (smooth) positive braids. De- 
fine XL — {qt,q) and yL ~ (Qt , Q), where the subscript t denotes differentiating with 
respect to t. These are called Legendrian braids with respect to 6* = pdt — dq. 
Lemma 7.3. For positive braid xvely with only transverse, positive crossings, the braids 
xl rel ?/l und x rel y are isotopic as braids on M^. Moreover, if xl rel yL and x'^ rel are 
isotopic Legrendrian braids, then they are isotopic via a Legendrian isotopy. 
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Proof. By assumption x rel y is a representative for which the braid diagram q rel Q 
has only positive transverse crossings. Due to the transversality of intersections the 
associated Legendrian braid a:;^ rcl yj, is a braid [x rel y]R2 . Consider the homotopy 

C{t,T)=Tpi{t) + {l-T)qi, 

for every strand q\ At g-intersections, i.e. times to such that q^ {to) = q^ {to) for some 
j ^ j' , it holds that %P(to) - (to) and qi{to) — qf (to) are non-zero and have the 
same sign since all crossings in xrcly are positive! Therefore, C^{to,T) ^ {to,T) 
for any intersection to and any r e [0, 1], which shows that a;rely and a;i,relyL 
are isotopic. Since x^ rel yL and x'j^ rel y'j^ have only positive crossings, a smooth 
Legendrian isotopy exists. □ 

The associated equivalence class of Legendrian braid diagrams is denoted by [q rel Q] 
and its fibers by [q] rel Q. 



7.3 Lagrangian systems 

Legendrian braids can be described with Lagrangian systems and Hamiltonians of 
the form Hl{x, t) = \p'^ — \q^ + g{q, t). On the potential functions g we impose the 
following hypotheses: 

(gl) 5eC°°(RxR/Z); 

(g2) supp(5f) c [-R, R] X R/Z, for some R>1. 

In order to have a straightforward construction of a mechanical Lagrangian we may 
consider a special representation of y. The Euler-Floer characteristic x(.t rcl y) does 
not depend on the choice of the fiber [x] rel y and therefore also not on the skeleton 
y. We assume that y has linear crossings in yL- Let t = tohe& crossing and let I {to) 
be the set of labels defined by: i,j e I{to), Hi ^ j and (3'(io) = Q^{to)- A crossing 
ait = to is linear if 

Q\{t) = constant, Vi e /(to), and Vi e (-e + to,e + to), 

for some e = e(to) > 0. Every skeleton Q with transverse crossings is isotopic 
to a skeleton with linear crossings via a small local deformation at crossings. For 
Legendrian braids xi, relyz, e [xre\y\^2 with linear crossings the following result 
holds: 

Lemma 7.4. Let y^ be a Legendrian skeleton with linear crossings. Then, there exists a 

Hamiltonian of the form HL{x,t) = ^p^ — ^q"^ + g{q,t), with g satisfying Hypotheses 
(gl)-(g2), and R> sufficiently large, such that yL is a skeleton for Xh,^ {x, t). 
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Proof. Due to the linear crossings in we can follow the construction in {12]. For 
each strand we define the potentials g^{t,x) — -~Qlt{t)q. By construction is 
a solution of the equation Qlf. = —g\{t, Q^). Now choose small tubular neighbor- 
hoods of the strands and cut-off functions cj' that are equal to 1 near and are 
supported in the tubular neighborhoods. If the tubular neighborhoods are narrow 
enough, then supp(w'5*) n supp(w-'g-' ) ~ 0, for all i ^ j, due to the fact that at cross- 
ings the functions in question are zero. This implies that all strands satisfy the 
differential equation Ql^ = — J2i '^"' (^)5'g(Q% ^) arid on [—1, 1] x M/Z, the function is 
J2i ^^{t)g^{<li t) is compactly supported. The latter follows from the fact that for the 
constant strands Q* = ±1, the potentials 5* vanish. Let R > 1 and define 



g'{t,q) for \q\ < 1, < G M/Z, 
(~^q^ for\q\>R,teR/Z. 

where m = i^Q, which yields smooth functions on M x M/Z. Now define 



^ m 



By construction supp(5) c [— i?, i?] x M/Z, for some R > \ and the strands all 
satisfy the Euler-Lagrange equations — — gqq{Q\t), which completes the 
proof. □ 



The Hamiltonian Hl given by Lemma 7.4 gives rise to a Lagrangian system with 
the Lagrangian action given by 

J^'lq^ + \q'-g{q,t)dt. (7.3) 

The braid class [q] rel Q is boimded due to the special strands ±1 and all free strands 
q satisfy — 1 < q{t) < 1. Therefore, the set of critical points of in [q] rclQ is a 
compact set. The critical points of Jfg in [q] rcl Q are in one-to-one correspondence 
with the zeroes of the equation 

^^.,H^ {x)=x- L-^ (Vi?L(x, t) + ^1X) = 0, 

in the set fiR2 = [x L\m? rel y^, which implies that '^^^Hl is a proper mapping on riR2 . 



From Lemma 7.1 we derive that the zeroes of are contained in ball in M.^ with 



radius R' > 1, and thus ^~^Hr,i^) C Br,{0) c C^{R/Z). Therefore the Leray- 



Schauder degree is well-defined and in the generic case Lemma 4.2 and Equations 
(333), ||46]l and ||5^ yield 



(0)nng2 9eCrit(^g)n([g] rol Q) 



(7.4) 



28 



We are now in a position to use a homotopy argument. We can scale y to a braid 
py such that the rescaled Legendrian braid py^ is supported in D^. By Lemma 7.3 



y is isotopic to yi, and scaling defines an isotopy between yL and pyL- Denote the 
isotopy from y to py^ by By Proposition 5.1 we obtain that for both skeletons y 
and pyL it holds that 

degLs(*P.H'^'0) = -xixTcly) = degis($^,//^ , f7p, 0), 

where ilp = [px^] rel pyL C [x rel y] and Hp E H\\ (pyL)- Now extend Hp to x M/Z, 
such that Hypotheses (hl)-(h3) are satisfied for some R > 1. We denote the Hamilto- 
nian again by Hp. By construction all zeroes of ^pMp in [pxl] relpt/i are supported 
in and therefore the zeroes of $^,Hp in [px^Jga rclpy^ are also supported in D^. 
Indeed, any zero intersects D^, since the braid class is proper and since is invari- 
ant for the Hamiltonian vector field, a zero is either inside or outside D^. Combining 
these facts implies that a zero lies inside D^. This yields 

degLs($p,_ffp,r2p,K2,0) = degis($^,/fp,17p,0) = -x(a;rel?;), 

where r2p_R2 = [pa;L]H2 lelpyL- For the next homotopy we keep the skeleton py^ 
fixed as well as the domain flp^m.^. Consider the linear homotopy of Hamiltoni- 
ans ^ ^ 

Hi{x,t;a) = -p^ - -q'^ + (1 - a)hp{x,t) + agp{q,t), 



where Hp^L{t, x) ~ — \(f + 5p((7, t) given by Lemma 7.4 This defines an admis- 



sible homotopy since py^ is a skeleton for all a. e [0, 1]. The uniform estimates are 
obtained, as before, by Lemma 7.2 which allows application of the Leray-Schauder 
degree: 

degLs(*M,-ffp,i,'^P,K^'0) ^ degis($^,_f/p,r2p,K2,0) = -x (a; rely). 

Finally, we scale py^ to j/l via y^^x = — oi)pVL + ctVh and we consider the homo- 
topy ^ ^ 

H2{x,t;a) = -p^ - -q'^ + g{q,t;a), 



between Hl and Hp ^, where g{q,t;a) is found by applying Lemma 7.4 to ya.L 



The imiform estimates from Lemma 7.2 allows us to apply the Leray-Schauder de- 
gree: 

degLs(*M,-ffi,'^K2,0) = degLsi^^M,,L^^pM^,0) = ~x{xTe\y). 
Combining the equalities for the various Leray-Schauder degrees with ||7.4[| yields: 



degLs{<^H,,^R-,0) = x{xre\y)= ^ (7.5) 

qGCrit(^g)n([g]rclQ) 
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7.4 Discretized braid classes 



The Lagrangian problem 1 7.3 1 can be treated by using a variation on the method of 



broken geodesies. If we choose l/rf > sufficiently small, the integral 

St{qi,qt+i)= mill / -ql + -q^ - g[q,t)dt, (7.6) 

5(t)eEi(<!i,<Ji + l) J^. i I 



5(t)|<l 



has a unique minimizer (7% where = {(? G i/^(rj,ri+i) | q{Ti) = q^, qin+i) = 

qi+i}, and = i/d. Moreover, if 1/d is small, then the minimizers are non-degenerate 
and Si is a smooth function of qi and qi+i- Critical points q of with \q{t)\ < 1 
correspond to sequences qo — {qo, • • • , qd), with qo = qd, which are critical points of 
the discrete action 

d-l 

W{qD) = Y,Sdq^,q^+l). (7.7) 

i=0 

A concatenation #i<;* of minimizers q^ is continuous and is an element in the func- 
tion space if ^ (M/Z), and is referred to as a broken geodesic. The set of broken geodesies 
#i(7' is denoted by E{qo) and standard arguments using the non-degeneracy of 
minimizers show that E{q]j) ^ H^{M./Z) is a smooth, d-dimensional submani- 
fold in (M/Z). The submanifold E{q£i) is parametrized by sequences Dd = {qj) e 
I kil < 1} and yields the following commuting diagram: 

E{qD) ^' M 



Dn 

In the above diagram is regarded as a mapping qn i-^ H^iq^, where the minimizers 
qi are determined by qo- The tangent space to E{q£i) at a broken geodesic #^5' is 
identified by 

T^.,^E{qD) = {V e H'iR/Z) \ gggiqHt).t)^ = 0, 

ip{Ti) = Sqi, = % e M,Vi}, 

and #i(7' + T^j^.q' E{qD) is the tangent hyperplane at #^(7*. For _ff ^ (M/Z) we have the 
following decomposition for any broken geodesic G E{qD)- 

H\R/Z) = E'(ST^^q.E{qD), (7.8) 

where E' — {rj £ H^{R/Z) \ rjiji) — 0, Vi}. To be more specific the decomposition 
is orthogonal with respect to the quadratic form 
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Indeed, let 77 e £" and tfj G T^.q,E[qD), then 



Let (j) — 7] -\-Tp, then 

by the above orthogonality. By construction the minimizers are non-degenerate 
and therefore D'^^g\E' is positive definite. This implies that the Morse index of a 
(stationary) broken geodesic is determined by D'^^glx^ ^7 the commut- 

ing diagram for W this implies that the Morse index is given by quadratic form 
D^W{q£i). We have now proved the following lemma that relates the Morse in- 
dex of critical points of the discrete action W to Morse index of the 'full' action 

Lemma 7.5. Let qbe a critical point of J^g and qo the corresponding critical point of W, 
then the Morse indices are the same i.e. j3{q) = Piqo)- 

For a 1-periodic function q{t) we define the mapping 

q QD = {qo,- ■ ■ ,qd), qt^q{i/d), i = 0, 
and qjj is called the discretization of q. The linear interpolation 

, qt+i - qi 



qo l-> iqo (t) = #^ 



reconstructs a piecewise linear 1-periodic function. For a relative braid diagram 
grelQ, let qo relQo be its discretization, where is obtained by applying to 
every strand in Q. A discretization qo rcl Qd is admissible if rel (q^^ is homotopic 
to q rel Q, i.e. £q^ rel iq^ e [q rel Q] . Define the discrete relative braid class [qo rel Q d] 
as the set of 'discrete relative braids' rel Q'^, such that £q'^ rel £q'^ £ [q rel Q]. The 
associated fibers are denoted by [qo] relQo- It follows from |j8J, Proposition 27, that 
[qo relQu] is guaranteed to be connected when 

c? > #{ crossings in g rel Q}, 

i.e. for any two discrete relative braids qorelQu and q'j^ rel Q^, there exists a homo- 
topy q% relQ^ (discrete homotopy) such that iq<^ reliqa is a path in [qrelQ]. Note 
that fibers are not necessarily connected! For a braid classes [q rel Q] the associated 
discrete braid class [qjj rel Q/j] may be connected for a smaller choice of d. 
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We showed above that if 1/d > is sufficiently small, then the critical points of I£g, 
with \q\ < 1, are in one-to-one correspondence with the critical points of W, and 
their Morse indices coincide by Lemma [7.5| Moreover, if l/d > is small enough, 
then for all critical points of in [q] rel Q, the associated discretizations are admissi- 
ble and [qd rel Q^i] is a connected set. The discretizations of the critical points of 
in [q] rel Q are critical points of W in the discrete braid class fiber [qjj] rcl Q/j. 

Now combine the index identity with | |7.5[ , which yields 

X{xre\y)= i-lf^'^^ E (-l)''^''"). (7.9) 

9eCrit(J^,)n([g]rclQ) 9£,eCrit(^)n([<;D] rcl Qu) 



7.5 The Conley index for discrete braids 

In (8) an invariant for discrete braid classes [qo rel Qd] is defined based on the Con- 
ley index. The invariant HC*([g£)] lelQo) is independent of the fiber and can be 
described as follows. A fiber [q^i] rel Qd is a finite dimensional cube complex with a 
finite number of connected components. Denote the closures of the connected com- 
ponents by Nj . The faces of the hypercubes Nj can be co-oriented in direction of 
decreasing the number of crossing in qjj rcl Qd, and define NJ' as the closure of the 
set of faces with outward pointing co-orientation. The sets are called exit sets. 
The invariant is given by 

JlC,{[qD]re\QD) ^^H,iN,,N-). 

3 

The invariant is well-defined for any d > for which there exist admissible dis- 
cretizations and is independent of both the fiber and the discretization size. From |8 | 
we have for any Morse function on a proper braid class fiber [qo] rcl Qn, 

J2 (-l)^('-) =x(HC,([to]rclQz,)) =:x(torelQc). (7.10) 

qDeCi-it(W)n([qo]i-clQn} 

The latter can be computed for any admissible discretization and is an invariant for 



[q rel Q] . Combining 7.9 and 7. 10 [gives 



x{x rel y) x(to rel Qd) ■ (7.11) 

In this section we assumed without loss of generality that x rel y is augmented and 
since the Euler-Floer characteristic is a braid class invariant, an admissible dis- 
cretization is construction for an appropriate augmented, Legendrian representative 
XL rely L- Summarizing 

x(xrely) =x(a;Lrely2) =x(torelQ^). 
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Since iclQ^) is the same for any admissible discretization, the Euler-Floer 
characteristic can be computed using any admissible discretization, which proves 
Theorem ll.3l 

Remark 7.1. The invariant x(qd i^el Qd) is a true Euler characteristic of a topological 
pair. To be more precise 

xigorelQa) = x(['7d] rel Qd, [qdV relQa), 

where [qd]^ relQo is the exit set a described above. A similar characterization does 
not a priori exist for [x] rel y. Firstly, it is more complicated to designate the equiva- 
lent of an exit set [x] " rel y for [x] rel y, and secondly it is not straightforward to de- 
velop a (co)-homology theory that is able to provide meaningful information about 
the topological pair ([x] rely, [x]^ rely). This problem is circumvented by consider- 
ing Hamiltonian systems and carrying out Floer 's approach towards Morse theory 
(see |[7j), by using the isolation property of [x] rely. The fact that the Euler charac- 
teristic of Floer homology is related to the Euler characteristic of topological pair 
indicates that Floer homology is a good substitute for a suitable (co)-homology the- 
ory. 

8 Examples 

We will illustrate by means of two examples that the Euler-Floer characteristic is 
computable and can be used to find closed integral curves of vector fields on the 
2-disc. 

8.1 Example 

Figure [T|left] shows the braid diagram q rel Q of a positive relative braid x rel y. The 
discretization with rclQ/j, with d = 2, is shown in Figure jTJright]. The chosen 
discretization is admissible and defines the relative braid class [qd rel Qd] . There are 
five strands, one is free and four are fixed. We denote the points on the free strand 

by to = (9o, qi) and on the skeleton by Qd = {Q^, • • • , Q'^}, with = (Qq, Q\), 
i^l,--- ,4. 

In Figure |2jleft] the braid class fiber [qo] relQu is depicted. The coordinate qo is 
allowed to move between Qq and Qq and Qi remains in the same braid class if it 
varies between Q\ and Qf. For the values qo = Ql and go = Qo the relative braid 
becomes singular and if qo crosses these values two intersections are created. If qi 
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Figure 1 : A positive braid diagram [left] and an admissible discretization [right] . 

crosses the values Ql or Qf two intersections are destroyed. This provides the de- 
sired co-orientation, see Figure [2|middle]. The braid class fiber [qd] tcIQd consists 
of 1 component and we have that 

N = cl([to rclQc]) = {(go, 9i) ■ Ql < Qo < Ql Ql < Qi < Qt}, 
and the exit set is 

= {{qo,qi) ■■ qi = Ql, orqi = Q^}. 
For the Conley index this gives: 




9Q 



Figure 2: The relative braid fiber [qu] relQn and N ~ cl([to] rel Qd)- 
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The Euler characteristic of ( [gu ] rel Q/j , [q^ ] rclQn) can be computed now and the 
Euler-Floer characteristic (a; rel is given by 

X(a;rely) = x([to] rcl Qd, [to]" rcl Qd) = -1 7^ 



From Theorem 1.2 we derive that any vector field for which y is a skeleton has 



at least 1 closed integral curve xarcly e [a;] rely. Theorem 1.2 also implies that 
any orientation preserving diffeomorphism / on the 2-disc which fixes the set of 
four points A4, whose mapping class [/; A4] is represented by the braid y has an 
additional fixed point. 



8.2 Example 

The theory can also be used to find additional closed integral curves by concatenat- 
ing the skeleton y. As in the previous example y is given by Figure [T| Glue £ copies 
of the skeleton y to its £-fold concatenation and a reparametrize time hy t 1-^ £ ■ t. 
Denote the rescaled ^-fold concatenation of y by Choose d ^ 2£ and discretize 
^ly as in the previous example. For a given braid class [xrc\ =f^(y], Figure Is] below 



Figure 3: A discretization of a braid class with a 5-fold concatenation of the skeleton 
y. The number of odd anchor points in middle position is = 3. 

shows a discretized representative qo rel i^gQn, which is admissible. For the skele- 
ton ^eQo we can construct 3^ — 2 proper relative braid classes in the following way: 
the even anchor points of the free strand qd are always in the middle and for the 
odd anchor points we have 3 possible choices: bottom, middle, top (2 braids are not 
proper). We now compute the Conley index of the 3^ — 2 different proper discrete 
relative braid classes and show that the Euler-Floer characteristic is non-trivial for 
these relative braid classes. 

The configuration space = c\([q]j]re\^£Q]j) in this case is given by a carte- 
sian product of 2£ closed intervals, and therefore a 2£-dimensional hypercube. We 
now proceed by determining the exit set ^ . As rn the previous example the co- 
orientation is found by a union of faces with an outward pointing co-orientation. 
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Due to the simple product structure of A^, the set N~ is determined by the odd an- 
chor points in the middle position. Denote the number of middle positions at odd 
anchor points by /i. In this way consists of opposite faces at at odd anchor points 
in middle position, see Figure |3] Therefore 



HCfe([(7D]rcl#,gi3) = Hk{N,N-) = 



Z2 k — 11 
fi, 



and the Euler-Floer characterise is given by 

X(xrel#,y) = (-l)^^0. 
Let X{x,t) be a vector field for which y is a skeleton of closed integral curves, then 



1.2 



we 



4fiy is a skeleton for the vector field X^{x, t) := £Xe{x, it). From Theorem 
derive that there exists a closed integral curve in each of the 3^ — 2 proper relative 
classes [x] rcl y described above. For the original vector field X this yields 3^ — 2 
distinct closed integral curves. Using the arguments in fl3\ one can find a compact 
invariant set for X with positive topological entropy, which proves that the associ- 
ated flow is 'chaotic' whenever j/ is a skeleton of given integral curves 



8.3 Example 

So far we have not addressed the question whether the closed integral curves x rel y 
are non-trivial, i.e. not equilibrium points of X. The theory can also be extended in 
order to find non-trivial closed integral curves. This paper restricts to relative braids 
where x consists of just one strand. Braid Floer homology for relative braids with x 
consisting of n strands is defined in | |T2| . To illustrate the importance of multi-strand 
braids we consider the discrete braid class in Figure |4] 

The braid class depicted in Figure |4j right] is discussed in the previous example and 
the Euler-Floer characteristic is equal to 1. By considering all translates of x on the 
circle M/Z, we obtain the braids in Figure |4|left] . The latter braid class is proper 
and encodes extra information about qo relative to Qd- The braid class fiber is a 
6-dimensional cube with the same Conley index as the braid class in Figure|4j right]. 
Therefore, 

xiQD rel gc) = (-1)2 = 1. 

As in the 1-strand case, the discrete Euler characteristic can used to compute the 
associated Euler-Floer characteristic of a; rely and x (2; rely) = 1. The skeleton y 
thus forces solutions x rel y of the above described type. The additional information 
we obtain this way is that for braid classes [xrely], the associated closed integral 
curves for X cannot be constant and therefore represent non-trivial closed integral 
curves. 
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Figure 4: A discretization of a braid class with a 3-fold concatenation of the skeleton 
y. The number of odd anchor points in middle position is /i = 2 [right]. If we 
represent all translates of x we obtain a proper relative braid class where a; is a 3- 
strand braid [left] . The latter provides additional linking information. 
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